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The Hadamard matrix presented in this paper is probably the only Hadamard 
matrix which does not appear in the series and possesses a 2-transitive (on rows or 
columns) automorphism group. 
1. INTRODUCTION 
Let H be an Hadamard matrix of order n (>2) and P a set of 2n points 
1 ,..., n, 1 * ,..., n*. Then an n subset ai of P is defined by the rule that ai 
contains j or j*, accordingly as the (i, j) entry of H is + 1 or --I (1 < i, 
j < n). Put a: = P - CQ. We call ai and a: blocks (1 < i < n). Let B be the 
set of 2n blocks a1 ,..., a,,, a? ,,.., a,*. Then M(H) = (P, B) is called the matrix 
design of H. Further, for a E B, H, = (a, {a n/I; a, a * # /I E B}), and for 
aEa, H,,,=(a-{a}, {anp-{a}, aE:aEB, P#a}) are called 
Hadamard 3 and 2 designs at a and at (a, a), respectively. 
Let us assume that (a*)* = a (1 < a Q n). Then we have that (a:)* = ai 
(1 < i < n). A permutation o on P is called an automorphism of M(H) if 
a(B) = B and if o(i) = j implies that a(i*) = j*. Let 8 be the group of all 
automorphisms of M(H). Clearly, 6 is isomorphic to the automorphism 
group of H. Since [ = nz=, (a, a*) = nl= 1 (ai, a,*) belongs to the center of 
Q, 8 is imprimitive on P. Let p be the set of point pairs {a, a * } (1 < a ,< n). 
Then 0 can be considered as a permutation group on E 
If H is an Hadamard matrix of quadratic residue type, then (li is doubly 
transitive on P [4]. But, regardless of recent great progress in the theory of 
finite groups, it still seems very difficult to determine all classes of H such 
that 8 is doubly transitive on E If, however, we assume that 6 on p is a 
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“known” doubly transitive permutation group not containing a regular 
normal subgroup, then it is possible to determine the classes of H. The result 
is as follows: either (i) n = q + 1, where q is a prime power such that q 3 3 
(mod 4), and H is equivalent to an Hadamard matrix of quadratic residue 
type, or (ii) n = 36 and 8 on p is isomorphic to the six-dimensional 
symplectic group Sp(6, 2) over GF(2) as a doubly transitive permutation 
group of degree 36 [5]. 
Now, Hadamard matrices of order 36 have been extensively studied [ 1,2], 
but the fact that one of them has a doubly transitive automorphism group on 
p has been somehow unnoticed. So the purpose of this note is to show that 
there actually exists an Hadamard matrix H of order 36 such that 8 on p is 
isomorphic to Sp(6, 2). The following computer-free construction of H, 
which is kindly suggested by the referee and editor, is based on the 
recognition that the situation is a typical example of the graph extension 
theorem of Shult [7, in particular, Example 31. The computer had been used 
partly in our original construction. 
2. CONSTRUCTION 
If there exists an Hadamard matrix H of order 36 such that 8 on F is 
isomorphic to Sp(6,2), then there exists an Hadamard 2 - (35, 17,8) design 
D = H&a E B, a E a) such that the automorphism group of D contains the 
first orthogonal group 0+(6,2) and that the point set a - {a} of D can be 
identified with the set of singular vectors (lines) [5]. Then, it turns out to be 
rather easy to construct such a D. 
In fact, let V be the vector space over GF(2) of column vectors of length 
six and ei (1 & i < 6) the standard basis vectors of V. We take cl & + 
C2& + /&& as our quadratic form. Then the set S of singular vectors consists 
of the following thirty-five vectors: e,, e2 ,..., e6; e, + e2, e, + e3, e, + e,, 
e,+e,, e,+e,, e,+e,, e,+e,,e,+e,, e3+e5, e4+e5, e4+e6, e,+e,; 
e,+e,+e,, e,+e,+e,, e,+e,+e,, e,+e,+e,, e2+e3+e4, 
e2+e4+e6, e3+e4+e5, e4+e5+e6, e,+e,+e,+e,, e,+e,+e,+e,, 
e2+e,+e5+e6;el+e2+e,+e,+e5,el+e2+e,+e,+e6,e,+e2+e,+ 
e, + e6, e,+e,+e,+e,+e,, e,+e,+e,+e,+e, and e,+e,+e,+ 
e5 + e,. We denote these singular vectors simply by 2,3,..., 36 in the listed 
order. 
Now the stabilizer of 2 in 0+(6,2) has three orbits, {2), 15, 8,9, 10, 11, 
20, 21, 22, 23, 28, 29, 31, 32, 33, 34, 35), and (3, 4, 6, 7, 12, 13, 14, 15, 16, 
17, 18, 19, 24, 25, 26, 27, 30, 36). We denote the union of the first two sets 
by u. Then ]c oc(6*2)( = 35. We write cr”+(6,2) = {u2,..., uj6}, where a2 = cr. 
Let S* be a disjoint copy of S; S*= {2*,3*,...,36*}. Let 1 and l* be 
two further points. Set P = { 1, I* } U S U S*, and from the following subsets 
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of P: {l}uS, {l*}uS*, {l)uo,uS*-07, and {l*}uo,*US--oi 
(2 Q i < 36). We call all of these 72 sets, blocks. If a, and a, are blocks, 
then either a,na,=~ or Ja,na,J=18. Here, (1)US and {l*}US*, 
and {l}Ua,US*--7 and {l*}Ua,?US-a, (2<i<36) are disjoint 
pairs of blocks. Since )cri n oil = 8 for i # j, we have that Iui n S - Oil= 9 = 
IS - u,n S - Oj( for if j. Similarly, we have that la: nu; ( = 8 and 
IuTn,S*-u,*I=IS*-uTnS*-uj*j=9. Hence, we have that I((l)U 
TABLE I” 
1 2 5 8 9 10 11 20 21 22 23 28 29 31 32 33 34 35 
1 4 7 9 12 15 16 20 22 24 26 29 30 31 32 33 35 36 
1 2 3 4 10 11 13 14 15 16 20 23 25 26 27 31 32 33 
1 3 4 8 9 13 14 15 16 19 21 22 25 26 28 29 34 35 
1 3 6 8 12 13 14 20 21 24 25 28 30 31 32 33 34 36 
1 2 4 8 10 11 12 15 16 18 21 23 24 26 28 30 34 36 
1 2 3 9 10 11 12 13 14 17 22 23 24 25 29 30 35 36 
1 2 7 8 9 10 14 15 18 19 20 22 25 27 28 30 31 36 
1 4 6 9 10 12 14 15 17 19 20 23 24 21 28 29 32 34 
1 2 3 4 5 6 11 14 18 19 20 22 24 26 29 30 31 34 
1 3 4 6 7 8 9 10 11 13 15 17 18 30 31 32 34 35 
1 3 5 8 10 12 14 15 17 18 20 21 26 27 29 30 33 35 
1 2 4 5 I 8 10 12 13 14 16 17 19 29 31 33 34 36 
1 2 3 5 6 7 9 12 15 16 21 23 25 27 29 30 31 34 
1 2 6 7 8 9 14 16 17 18 20 23 24 25 26 33 34 35 
1 4 5 9 11 12 13 16 17 18 20 22 25 27 28 30 33 34 
1 2 3 4 5 7 10 16 17 19 20 21 24 25 28 30 32 35 
1 3 4 5 6 7 8 9 10 11 24 25 26 27 28 29 33 36 
1 3 7 8 11 12 13 16 18 19 20 23 24 27 28 29 31 35 
1 2 4 6 8 11 12 15 17 19 21 22 24 25 27 31 33 35 
1 2 3 5 6 9 11 12 14 15 16 18 19 28 32 33 35 36 
1 4 7 I1 14 18 19 21 23 25 27 29 30 32 33 34 35 36 
1 3 6 10 16 17 19 22 23 26 27 28 30 31 33 34 35 36 
1 5 6 8 10 13 15 16 18 19 22 23 24 25 29 30 32 33 
1 6 7 10 11 12 14 16 17 18 21 22 25 26 28 29 31 32 
1 2 5 13 15 17 18 24 25 26 27 28 29 31 32 34 35 36 
1 5 7 9 11 13 14 15 17 19 21 23 24 26 28 30 31 33 
1 5 6 7 10 11 13 14 15 16 20 21 22 24 27 34 35 36 
1 2 6 8 9 11 13 16 17 19 20 21 26 27 29 30 32 36 
1 4 5 6 9 10 12 13 18 19 20 21 23 25 26 31 35 36 
1 2 3 4 6 7 13 15 17 18 20 21 22 23 28 29 33 36 
1 3 4 5 8 9 14 16 17 18 21 22 23 24 27 31 32 36 
1 3 5 7 8 11 12 15 17 19 20 22 23 25 26 32 34 36 
1 2 4 5 6 I 8 12 13 14 22 23 26 27 28 30 32 35 
1 2 3 7 9 10 12 13 18 19 21 22 24 26 27 32 33 34 
’ This is the list of blocks of the Hadamard 3 design H, containing the point 1, where a = 
( 1, 2 ,..., 36). 
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aiUS*-UT)n({l}UU,Us*-Ui*)l= 1 +8+9=18 and I((l}US)n 
({l}Ua,US*-a?)\= 1 t 17= 18 for izj. The rest is similar. 
Now we apply the graph extension theorem of Shult [ 7, Example 3 1. The 
induced symplectic form is C, q4 + C4 VI t C2 q5 + Cs v2 + C3 v6 + (6 fl, . We 
consider the graph with S the vertex set. Two distinct vertices are joined if 
they are orthogonal with respect to the above symplectic form. So 18 vectors 
of S not involving e, are joined with e,. Let r be the set of these 18 vectors 
of Sand let Z=S-T- {e,l. Then the mappings ah,=x+e, and x&=x 
induce automorphisms of r and z:, respectively. It is easy to check that 
a E r and b E C are orthogonal, if and only if ah, and bh, are not 
orthogonal. So by the graph extension theorem of Shult [7, Example 31, 
Sp(6, 2) acts on { 1) U S as the transitive extension of O+ (6, 2). Obviously, 
we demand that Sp(6,2) acts similarly on { 1 * } U S*. Since < interchanges 
(1 } U S with { 1*} U S*, we have that Aut M(H) = Sp(6,2) X Z,. In the 
labeling, { 1) U u, corresponds to the first row of Table I. 
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